The presence of spatial inhomogeneity in a nonlinear medium restricts the formation of Solitary Waves (SW) on a discrete set of positions whereas a nonlocal nonlinearity tends to smooth the medium response by averaging over neighboring points. The interplay of these antagonistic effects is studied in terms of SW formation and propagation. Formation dynamics is analyzed under a phase space approach and analytical conditions for the existence of either discrete families of Bright SW or continuous families of Kink SW are obtained in terms of Melnikov's method. Propagation dynamics are studied numerically and cases of stable and oscillatory propagation as well as dynamical transformation between different types of SW are shown. The existence of different types and families of SW in the same configuration, under appropriate relations between their spatial width and power with the inhomogeneity and the nonlocality parameters, suggests an advanced functionality of such structures that is quite promising for applications.
and the strong dependence of the position and stability of such spatially localized structures on the characteristics of the medium [30] . These features are directly related to the breaking of the translational invariance of wave propagation in the inhomogeneous medium; in contrast to the homogeneous case, the inhomogeneity introduces a set of discrete preferential positions where SW can be formed and propagate in a stable fashion.
However, the nonlinear response of several optical media is characterized by nonlocality.
For example, in Bose-Einstein condensate physics, the importance of this phenomenon is addressed in the approach to include dipolar effects and signifies the long-range character of the dipolar interaction [34] as well as in the study of laser-induced attractive interactions which result in the stabilization of condensates [35] . In nonlinear optics, an underlying mechanism adding a nonlocal contribution to the nonlinear response has been addressed in photorefractive crystals in the presence of diffusion effects [36] [37] [38] [39] , in optical systems with thermal nonlinearity [40] and liquid crystals [41] [42] [43] , accounting for a given point's refractive index dependence on the distribution of light's intensity in it's vicinity. Several studies have revealed that the nonlocality of nonlinear response affects solitary waves' stability and mobility [44] with an asymmetric nonlocal response having an even stronger impact on the latter [45] [46] [47] , leads to prevention of catastrophic collapse [48] and suppression of modulation instability (MI) [49] . These features result from the fact that nonlocality tends to smooth the nonlinear response of the medium at a specific position, due to its dependence on the average field and medium characteristics in a neighborhood of each position.
In the present work, we consider an NLS-type of equation with asymmetric nonlocal nonlinear response along with the presence of spatial inhomogeneity. The action of these two features is antagonistic in the sense that the inhomogeneity tends to "discretize" the response of the medium by restricting the SW formation only at a specific set of positions, whereas the nonlocality tends to "smooth" its response due to averaging over nearby positions. In order to study this interplay we perform a phase space analysis of the corresponding dynamical system that provides a clear geometric intuition for the SW formation dynamics. Moreover, we utilize an analysis based on Melnikov's perturbation theory and we obtain analytical conditions for the formation of different types of either discrete or continuous families of SW in terms of bifurcations in the parameter space of the system. The phase space analysis enables the systematic categorization of a large variety of qualitatively different SW as well as their profile calculation. The latter are also studied numerically in terms of their propagation dynamics.
II. INHOMOGENEOUS NONLOCAL NLSE AND MELNIKOV'S METHOD
A general model for the description of solitary waves' propagation in a nonlocal nonlinear Kerr type medium with transverse modulation of the linear refractive index is described by the following modified NLSE [49] i ∂u ∂z
where u is the wave field envelope, z is the normalized propagation distance, x is the scaled transverse coordinate and η(x) = −A sin(kx) describes a harmonic modulation of the linear refractive index along the transverse spatial dimension, with the parameters A and k standing for the amplitude and the spatial frequency (wavenumber) of the refractive index's modulation respectively. ∆n(I) expresses the change of the refractive index induced by light's intensity I(x, z) = |u(x, z)| 2 having the nonlocal form
The function R(x) is the response function of the medium which is assumed to be real and L 1 integrable. Besides that, depending on the physical system that is being modeled it may also be symmetric or asymmetric. Based on the latter distinction and under the hypothesis that the response function is small compared to the field's intensity, eq.(1) can be approximated by models with a second or a first order derivative of field intensity respectively, omitting this way the integral term [49] . By considering the first order nonlocal contribution of the nonlinear response of the medium [46, 47] , the equation is written as
where the parameter γ = ∞ −∞ xR(x)dx is related to the medium properties and describes the magnitude of the first order nonlocal component of nonlinear response.
In general, SW profiles can be considered as spatially localized transitions between two asymptotic states. Depending on the values of these asymptotic states at infinity, a SW is characterized as Bright, Kink, Dark or anti-Dark [1] . Thus, in terms of our dynamical system analysis, the existence of SWs is equivalent to the existence of solutions constituting localized transitions between hyperbolic solutions corresponding to their asymptotic states [29] . As a consequence, the first step towards discovering the existence and the types of SWs supported by the system, is the study of the existence of hyperbolic solutions resulting from any possible transverse intersections or smooth connections between the stable and unstable invariant manifolds either of the same or different basic hyperbolic trajectories.
The formation dynamics of SW profile in such configurations, is completely described by the reduced dynamical system resulting from the consideration of stationary wave solutions supported by eq.(3), having the form
with ψ(x) a real function describing the transverse wave profile and β being the real propagation constant. The respective stationary equation is the following:
and corresponds to a non-autonomous dynamical system due to the explicit dependence on the spatial variable x playing the role of "time". By setting φ = kx andψ = v, wherė
, eq.(5) can be rewritten as an autonomous system,
where the nonlinear terms of nonlocality and inhomogeneity can be considered as perturbations, by being multiplied with a dimensionless perturbation parameter , that can be set equal to unity in the final results. For = 0, the dynamical system (4) coincides with the nonlinear Duffing oscillator, which is a one degree of freedom integrable system with Hamiltonian [50]
Considering the case β > 0, the saddle of the origin (ψ, v) = (0, 0) of the phase space, posseses a pair of smoothly joined stable and unstable invariant manifolds forming a homoclinic solution given as
which corresponds to the stationary Bright soliton solution of the unperturbed NLSE, where the propagation constant β also determines the amplitude and the spatial width of the soliton. However, this smooth join of the stable and unstable manifolds of the origin of the unperturbed system, is a highly degenerate structure that is expected to break under perturbation. More specifically, the presence of the nonlinear terms due to nonlocality and spatially-dependent terms due to inhomogeneity leads to the lack of integrability and as a consequence the analytic determination of SWs profiles is no longer possible.
For a sufficiently small , the saddle of the origin transforms to an unstable hyperbolic orbit in the extended three-dimensional phase space γ (x) with (ψ,ψ) = (0, 0) for all x, whose invariant manifolds may either intersect transversely or not, depending on the values of the parameters of the system. Such an existence of transverse intersections, gives rise to the existence of a discrete set of Bright SWs, whose profiles can be located by the determination of the homoclinic solutions of the reduced system of ODEs (6) . Likewise, in the case where these two invariant manifolds do not intersect, there is the possibility of Kink SWs formation.
In terms of our phase space approach, the asymmetric profiles of Kink solutions, can be formed either by the smooth joining or transverse intersections of an invariant manifold of the origin's hyperbolic trajectory, with the corresponding opposite stability's invariant manifold of a different hyperbolic trajectory. The cases of smooth joining and transverse intersections result in either continuous or discrete families of Kink SW. In addition, in the case where transverse intersections take place, the existence of homoclinic points on the Poincare Section Σ φ 0 implies the existence of chaotic dynamics according to Moser or SmaleBirkhoff theorem [50] . It is worth emphasizing that the condition for the existence of Bright SW is directly related to the condition for chaotic dynamics. In fact, the complexity of the homoclinic structure that gives rise to chaoticity also gives rise to a rich set of Bright SW with spatially complex profiles corresponding to different homoclinic points of an uncountable set.
The interplay between inhomogeneity and nonlocality suggests that the presence of the latter tends to reduce homoclinic chaos.
In order to give a quantitative form in the above qualitative analysis, we are going to investigate the existence of homoclinic points and transverse intersections of the stable and unstable manifolds of the hyperbolic orbit at the origin with the utilization of Melnikov's perturbation theory. The general form of Melnikov function that corresponds to our problem is given as follows [50] M
where DH = ( g 2 ) is the perturbative part and x 0 is the evolution interval that takes the point (q 0 (−x 0 ), φ 0 ) of the parameterized unperturbed homoclinic trajectory to reach (q 0 (0), φ). Under proper substitutions, Melnikov's function for system of eq. (6) takes the following form
and is equal with
By keeping φ 0 constant, eq. (11) describes the separation of the stable and unstable manifolds of the hyperbolic orbit on the Poincare Section
The values of x 0 for which the Melnikov function is zero, parameterize the discrete set of homoclinic intersection points on a given Poincare Section φ 0 . It is clear that the condition that must be satisfied for the existence of such intersections is
For parameter values satisfying relation (12) , the existence of homoclinic orbits for (4) and as a consequence the existence of SWs of Bright type for (3) is deduced. In order to visualize this relation, we illustrate the resulting critical surface in Fig.1 In order to proceed to the determination of the exact forms of the SW profiles, the dynamics of the system (6) is going to be studied by utilizing a phase space analysis based on the Poincare surfaces of section, Σ φ 0 , due to the periodicity of the φ dependence. We are interested in determining the invariant manifolds W u,s (γ (x)) of the hyperbolic trajectory at the origin γ (x). In order to obtain accurate SW solutions for each parametric subset,
we utilized an analytical approximation of the local invariant manifolds of the hyperbolic trajectory restricted on a Poincare surface of section, W u,s loc (γ (x))∩Σ φ 0 . Due to the reduction of the dynamics on a constant, arbitrarily chosen, φ 0 plane, we restrict our study on the first two parts of the system of eq.(6)ψ
In the above reduced system, we mention that 
where q x is the solution of the dynamical system's (6) initial value problem. Regarding the first case, it is shown that a relatively small amplitude of the spatial inhomogeneity combined with a relatively small magnitude of nonlocality, results in a small degree of deformation of the stable and unstable manifolds with respect to their unperturbed form. Fundamental SW profiles corresponding to the first two intersection points (1)- (2) of 
4(c), (d), (f).
For the case of a photonic structure with a parameter set corresponding to stronger perturbation, as shown in Fig. 2(b) , the stable and unstable manifolds present large excursions from their unperturbed form and intensive multiple foldings forming a complex structure of homoclinic intersection points which preludes a more complex morphology of homoclinic orbits and as a consequence the existence of more complex SW profiles. Indeed, it is evident Their existence, similarly to the case of homoclinic orbits, depends on the interplay of the inhomogeneity and the nonlocality and can be analytically predicted in terms of the subharmonic Melnikov method [50] .
The corresponding profiles of the Kink SW along with their propagation dynamics are depicted in Figs. 11 and 12 for different parameters. It is shown that both the parameters of the underlying inhomogeneous structure and the SW characteristic width β, determine the SW profile in terms of the amplitude and period of the nonzero asymptotic state as well as the spatial extent of the transition between the two states. It is worth emphasizing that the SW profiles shown in Fig. 12 are indicative members of a continuous family of SW having the same propagation constant β. Moreover, it is shown that the Kink SW can be quite robust under propagation, whereas cases of complex propagation dynamics are also possible, such as the one depicted in Fig. 11(f) where the SW profile decomposes to secondary beams propagating along a parabolic trajectory.
IV. SUMMARY AND CONCLUSIONS
Self-localization dynamics and Solitary Wave formation have been studied for a pho- 
